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This report is comprised of what I think is most fundamental in
Bayesian Nonparametric for novices. The report goes in a sequence of
topics: Dirichlet Processes, Dirichlet Process Mixtures, Markov Chain
Sampling for Dirichlet Process Mixture models, Hierarchical Dirichlet
Processes, applications on autonomous multi-vehicle interaction sce-
narios modeling, deficiencies of this application, and potential way to
improve this application modeling so as we can work in the coming
months.

The report content follows books and papers I read as shown in
reference, and includes my personal derivations and understandings.
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1 Dirichlet Processes

1.1 Some basic knowledge on Dirichlet Process

Definition 1.1. Let (O, B) be a measurable space, with P a random
probability measure over this space. A Dirichlet process is defined as
the distribution of the random probability measure P such that, for any
finite measurable partition (A, Ao, ..., Ay) of ©, with base measure «,

(P(Ay),...,P(Ag)) ~ Dir(k; a(Ay), . .., a(A)) (1)
denoted by P ~ DP(«).

constant M = |a| = a(©) = total mass, called prior precision
probability measure & = «/|a|, called center measure

Remember probability measure P is random

Followings are two basic propositions about Dirichlet prior P with-
out proof. Just take them for granted.

Proposition 1.1. If P ~ DP(«a), for any measurable sets A and B,
E(P(4)) = a(A) (2)

a(A)a (A

var(P(A)) = T+ o]

(3)

Proposition 1.2. If P ~ DP(«), then for any measurable functions
Y and ¢,

E(Py) = / wda (4)

[ (= [¢da) da

var(Pi) = T+

(5)




The models in this report are under the setting of Bayes. So prior,
posterior, and marginal distributions are very important to us. They
are involved in almost every model through this report.

Here comes one about marginal.

For a random probability measure P possessing a Dirichlet process
distribution, and an observation X from the probability measure P,
using equation (2), we have

P(X € A)=EP(X € A|P)=EP(A) = a(A) (6)
i.e., marginal X ~ &

So when we say an observation X from P, it means
if P~ DP(a) and X|P ~ P, then X ~ & (7)
It naturally extends to the question: what is the joint marginal

distribution of observations Xi, Xo,... from a Dirichlet process, i.e.,

iid
P~ DP(«a) and Xy, Xy,...|P ~ P, then (X1, Xs,...) ~ 7

Before moving on, we need to know the posterior distribution of
the random probability measure P:

iid
Theorem 1.3. If prior P ~ DP(a), X1, Xo,..., X,|P ~ P, then pos-
terior P|Xy,..., X, ~DP(a+ > " 0x,)
so updating rules

n

base measure a — « + E dx,
i=1

total mass M — M +n



M 1
center measure o — o+ Ox.

M +n

so by equation (2), we directly see that

E(PA)X, . X) = 1 a1 S0k, (4)

:\04|+n la] +n &
=1

iid
Now we go back to the question: if P ~ DP(«) and X3, Xy,...|P ~ P,
then (X1, Xs,...) ~ ?

d
(Xl,XQ, .. ) = X1 X XQ‘Xl X X3|X2,X1 X oo,
X1~

Xso| (P, X1) ~ P and P|X; ~ DP (o + 6x,) by Theorem 1.3
P(Xy € AlXy) = E[14(X)|X1] = E[E(14(X2)| X1, P)]
_ B[P(X, € A)|X] = B[P(4)|X]

ol 1
_ |@|\ +| () + o (4)

dx,, with probability 1/(|a|+ 1)
50 Xof X ~ { @,  with probability |a|/(Ja|+ 1)

Similarly,

dx,,  with probability 1/(Ja| +n — 1)
X X0, Xy~ o N
X ! dx, ,, with probability 1/(|a|+n —1)
a, with probability |a|/(Ja| +n — 1)
(8)
The above model, equation (8), is called generalized Polya urn
scheme. This generalized Polya urn scheme is very similar to Chinese
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Restaurant Process. These famous schemes are used a lot, and their
detailed story not being illustrated here.
Now the joint marginal

(Xl, C.. ,Xn) = X1 X (XQ’Xl) X (X3’X2,X1) X ... X (Xn‘Xl, . -;Xn—l)

n

= [](X1x1, ... X;0)
1

|= Iy

~ 1] o a0
Colal =1 o451 la|+j—1

; -(Oz—{—(sxl—i—"'—l—(ng%)
la|+j5—1

)

|3 17

=1
(9)

So we have the joint marginal distribution of (Xi,...,X,) if P ~
iid
DP(a) and Xy, Xs,...|P ~ P. This equation (9) is important and
will be used later in this report.

1.2 Stick-Breaking Construction

Sticking-Breaking is one of the most famous representation of Dirichlet
process. Its proof in reference book is too sketchy and over-concise.
I complete it and will provide a detailed proof of it in the Appendix.
Before doing that, let me first introduce 5 fundamental properties of
Dirichlet distribution, which will be used in the proof of Stick-Breaking.
But readers can just skip them and go straight to Theorem 1.9 di-
rectly.

Proposition 1.4 (Representations). For random variables Y7, ..., Y}
and Y = Zlei/; (i) If Y; %! Gamma (i, 1), then (Y1,...,Y%) /Y ~
Dir (k; v, ..., ar), and is independent of Y

(ii) If Y; 7 Beta (a;, 1), then (Y1,...,Yx) |Y =1) ~ Dir (k; a1, ..., )

(
(1) If Y; ' Exp (cvi), then ((e_yl, e Y| S e = ) ~ Dir (k; oy, . ..

704145)



Proposition 1.5 (Aggregation). If X ~ Dir (k; o, ..., ax) and Z; =
ZZE] X; for a given partition I, ..., I, of {1,... k}, then

(i) (Zl,... m) ~ Dir (m; By, ..., Bm), where B; = Zidj a;, for j =
1,....m

(1) (Xi/Z; .1 € 1) 2 Dir (#1;045,9€ 1), forj=1,....m

(11i) (Zv, ..., Zm) and (X;/Z; i€ 1;),5=1,...,m, are independent

Proposition 1.6 (Conjugacy). If p ~ Dir(k; «) and N|p ~ Multinomialy(n; p),
then p|N ~ Dir(k;a + N), where N is a vector of (Ny,..., Ni) and

Proof.
o] — 1 ap—1 Ny Ny, a1+N1— 1 ap+N—1
D1 Py X Pro Dy =D Dy
v ——
Dlrlchlet density multinomial likelihood
so p|N ~ Dir(k;aq + Ny, ..., ap + Ni) ]

Proposition 1.7. For k € N=1,2,3,... and any o with |a| > 0,
i %
Z‘— r(k;ar, ..o, 0 + Lagq, .., ax) = Dir (k;aq, ..., ag)
=1

Proof. If p ~ Dir(k;«) and N|p ~ Multinomial,(1;p), then P(N =
i) = a;/|al. Then by Proposition 1.6, p|{N = i} ~ Dir (k;a +¢;),
where ¢; is the ¢ th unit vector.

And P~ 30 (PN = i) ~ S0 p{N =i} x {N =i}
=>4 1 1 Dir (ks o + €7)
= Zz 1 |al| Dir (k; a1, ... o1, 0 + 1, cign, - o, o) ]



Proposition 1.8. If p ~ Dir(k; ), N ~ Multinomial,(1; ) and V ~
Beta(1, |«|) are independent, then VN + (1 — V)p ~ Dir(k; «)

Proof. If Yo, V1,....Y;, = Gamma (ay,1),i = 0,1,...,k, where ap =

1, then by Proposition 1.4, 1.5, the vector (Yp,Y) for Y = Zle Y;
is independent of p := (Y1/Y,...,Y;/Y) ~ Dir (k, a1, ...,ax) and V =
Yo/ (Yo +Y) ~ Beta(1, |a|). Furthermore
(V.1 = V)p) = (Yo, Yi..... i)/ (Yo + V) ~ Dir(k + 1;1, )
thus (Ve;, (1 —V)P) ~ Dir(e;, ), and by Proposition 1.5,
(Ve,+(1—=V)p) ~Dir(k;a+e;), i=1,...,k

SO

k k
VN+(1-NPLY %'(Vei +(1-V)P)~ Y %Dz’r(k:; a+e)
1=1 =1

= Dir(k; o, ..., )



Now let us look at the Stick-Breaking construction.

Theorem 1.9 (Stick-Breaking). If 61,65, ... & and Vi, Vo, ... X
Beta(1, M) are independent random variables and W; =V H‘Z:_ll (1-V) =
Vil=WVi)(1=Vy)...(1 =V;_1), then P := Z;’;l W;dg, ~ DP(Ma) ~
DP(«)

For W = (W;)32,, we also write W ~ GEM (M)
Proof. see Appendix ]

my personal insights:
By stick-breaking, the random probability measure

P = W1(591 + W2592 + .. DP(O()

then (P(A1),...,P(Ag),...... ) ~ Dir(oo;a(Ay),...,a(Ag)y ... ... )
By definition of Dirichlet distribution,

all parameters a(A4;),...,a(Ax),... > 0. What is more, since P(A) >
0 almost surely for every measurable set A with a(A) > 0, so

P(Ay),..., P(Ag),..., P(Ax) have to be strictly larger than 0

By stick-breaking, probability measure P has infinite terms, and
has infinitely many locations 61, 60,, . .. ... So for any partition A.,, mea-
sure P(Ay) > 0. If the random probability measure P consists of only
finite terms of weighted Dirac measure instead of the infinite terms in
stick-breaking, then P(A. ) may not larger than 0 for a random parti-
tion A, therefore such random probability measure P doesn’t possess
Dirichlet processes. So the stick-breaking, especially its infinite terms
of weighted Dirac measures, guarantees P follow Dirichlet process.

1.3 Mixtures of Dirichlet Processes (MDP)

Notice that Mixtures of Dirichlet Processes (MDP) is very different
from the famous Dirichlet Process Mixtures (DPM), which we will
mainly discussed later in this report.



MDP means we need to have prior for the base measure . We
usually assign respective priors to center measure & and precision pa-
rameter |« separately. Here, for generality, we say base measure ag
depends on a parameter &, and & follows a prior. So just like equation
7, the MDP model is :

Er~

P[¢ ~ DP (o) (10)
X|P.€ ~P

and X |¢ ~ ag, analog to equation 7

For multiple observations, the MDP model is:

iid
E~m, PlE~DP(ag), Xi,...,Xp|P,{~P, (11)

Now we are curious about the prior and posterior distribution, and
their mean and variance, i.e., prior: E(P(A)) =? Var(P(A)) ="
posterior: P&, Xq,..., X, ~7 P|Xq,..., X, ~7
E(P|Xy,...,X,) =?Var(P|Xy,..., X,) =7
Let me show you one by one, using law of total variance Var(X) =
EVar(X|Y)]+ Var(E[X]|Y])

prior mean

E(P(A))

E[E(P(A)[€)] = Elae(4)]
[ adardn(e) = a.()

10



prior variance

Var(P(A)) = E[Var(P(A)[§)] + Var(E[P(A)[¢))
Ge(A)ac (A°)

=[] |+ Var(ag(A))
1+ ‘Ozg‘
_ / A ar() + / (Ge(A) — Gr(A))” dr(€)

posterior distribution P|£, X1, ..., X,

by Theorem 1.3
P, Xy, ..., X, ~DP (a¢ +nP))
=. DP(Oég’n)
where empirical distribution

1 n
Pn:ﬁ;@g

posterior distribution P|Xj, ..., X,:
Pl Xy, ..., X, ~ /(P, )| X1, ..., Xdr(§)
~ /P|§,X1, o X X € X, XdT(€)

where P|¢, Xy, ..., X, ~ DP(ag,) and {| X1, ..., X, < P(Xy,..., X,|§)7(§),
where (X1, ..., X, |€) ~ [, ettt )

J=1 |Oé§|+j*1

by equation 9

11



posterior mean:

E(P(A)X,...,X,) = E

posterior variance:
Var(P(A)|Xy,..., X,) = E[Var(P(A)|£, X1, ..., Xn)] + Var(E[P(A)|£, X1, ..., X,

_ @ﬁ,n(A)O_‘f,n (AC) _
_/ o (61, X0+ Var(aga(4))

Qg n(A) e (A°)
_ [ % ) g 61X X,
/ 1+’O{€’+TL W(S‘ 1 ) )+

[ (e = B() (€10, X0

Now the above 6 basic quantities are finished.
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2 Dirichlet Process Mixtures (DPM)

Dirichlet Process Mixtures (DPM) model can be used to estimate a
density. Loosely speaking, it assumes that the density is a mixture of

infinite many densities, and each observation is from one of the density
independently. The DPM model is :

G ~ DP(«)
0;|G ~ G (12)

and the estimated density of X is [ F(x,0)dG(6), equivalent to the
above model 12. As we can see, infinitely many parameters 6; can be
simulated from the Dirichlet process prior GG, thus these 6; constructs
infinite densities, and we want the mixture of them. I think this is
one the reason that DPM model doesn’t need to assume the number
of different classes embedded in data, and can adapt to increasingly
large data.

Naturally, we want the posterior conditional expectation of the den-
sity,

m/ﬂmmhuxﬂ:mm/ﬂmmww%xhujm]u@

where

m/mwmww%xh”x@:m/ﬂmmwww

:EvFﬂmm+iyw]

j=1

1 n
= Fd F (0,
al+n / a+; (6;)

(14)
the second line is by Theorem 1.3, and the last line is by Proposi-
tion 1.2
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Now we want to know

1
lal +n

/deimej) }

j=1

E[/ FAG|X,, ..., X = By x|

n

1 1
F — _ F E F(6;
/ do + - Oron| X | (0;)]

[+ n ol

where the expectation, in last line, is with respect to the posterior
distribution of 6y, ...,0,|X1,..., X,

The analytic formula of above will be shown in Appendix. The an-
alytic formula is way too complicated and of limited practical impor-
tance. So in practice, to get E[[ FdG| X1, ..., X,], we use a simulated
technique. The general scheme is as followings:

1. we repeatedly draw realizations from the posterior distribution
of&l,...,9n|X1,...,Xn

2. evaluate equation 14 for each realization of (64,...,6,) from
step 1, and average out over many evaluated results, then we get
what we want: the estimation for the posterior conditional expec-
tation of the density, i.e., the estimation of E| [ FdG|Xy, ..., X,]

Now, we have a very important problem to solve: how to simulate
(01,...,0,) from posterior distribution 6y, ...,60,|Xy,..., X, 777

Gibbs Sampling

Then, what is 0;|0_i, Xq,..., X, ~ 777

Recall the DPM model:
G ~ DP(a)
0;|G ~ G
X;|0; ~ F(6;)

14



For measurable sets A and B,

E (14 (Xi) 15 (0;)[0-i, X-i) = E(E(ILA (X) B (0:)|G, 0, X ;) |0, X_;)
) B (0 )|G)‘0—17X—2)

— B / / 14 (X,) Lp(6) F (X3 6)dp(x)dG(6)6_i, X i)
[f La(2)15(0)F (z;; 0)dp(z)d <a +3 59j) (9)
B | +n —1

so the conditional distribution function of X;,6;| X _;,0_; is:

1

Xi, 0| X, 60— ~ ————
la| +n—1

F(z;0)n x (a+ ) )
J#

then probability measure

P(QZ € B,:ci|(9_i,:c_i)

P(I’iw_i,il?_i)
P(@Z € B,Zlfiw_i,l'_i)
[ P(0;, 20, x_;)

ot P G ) (o4 55500,) (6
S P (Xis0) i (0 + 32,4005, ) (6)

s F (G004 (0 30500,) (0)
 [F(X.0) d(a+zﬁél

P ((9Z € B\Xi,ﬁ_i,X_i) =

SO

QZ‘X’M 971'7 X*i

) ®)
XZ,Q (Oz—l—zﬁél 93)
F(X30)d (a+ 3,0, ()

15



then

91|AXZj 072', X—i ~ Z F(XZ, 9j)59j + F(XZ, (9)04

JF#i
F(X;;0)a
~ ) F(X;;0;)d, F(X;;0)da(d
2 e, | P oo T F (X 0)da(0)
Since distribution of 6|X; < distribution Of%,

so density:

dH; == dH (0| X;)
_ F(X;;0)da(0)
[ F(X;;0)do(9)
x F(X;;0)da(0)

so conditional distribution for use in Gibbs Sampling:

0;10_;, X; ~ Z%’,j%j + 7 H; (15)
J#i
where
Hi=F(X;;0)a

qij — bF(XZ, (9])
ri = boz/F(Xi;Q)doz(G)

and b is a constant such that Zj 4Gy tri=1
This equation (15) is a very important part in Gibbs Sampling when
we simulate posterior distribution in DPM.

16



3 Markov Chain Sampling for Dirichlet
Process Mixture

3.1 limit of finite mixture models

Recall the Dirichlet Process Mixtures (DPM) model:

G ~ DP(G(), a)
0,|G ~ G (16)
Xil0; ~ F(6;)

where GG is center measure, « is precision parameter.

We have shown the conditional prior distribution of 6;:

i—1

1 Qa
0;101,....0;_1 ~—— 0p. + —@ 17
|1 1 a+z—1;91+a+z—1 0 ( )

Before talking about Gibbs sampling for DPM, I'd like to introduce
limit of finite mixture models, and show its equivalence to DPM, be-
cause this representation can help us construct Gibbs sampling proce-
dures.

Here is the finite mixture models with components K — oo

p ~ Dirichlet(a/K, ..., a/K)
¢ ~ Gy
¢i|p ~ Discrete (p1, - . ., Px)
ilci, @ ~ F ()

where ¢ is the collection of all ¢., and the number of elements in this
collection is infinite.

(18)
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P(c; =cler, ... ci1)

_ P<Cla-'-7ci71,ci:C)

P (Cl, ceey Cz’—l)

_ fP(Cb"'?Ci—l;Ci:C,p)dp

fP(Cl,. . .7Ci_1,p) dp
[ pe- v (@)D (a/K) KPS g

[ Per -+ P D@D (/KK pl T el g

F(% + ni,c)

(K +1i) /T

_ et a/K
-1+«

(SK +i—1)

where n;, ¢ is the number of ¢; for j <4 that are equal to ¢

As K — oo,

P (¢; = c|ey, .

e 702'71) —

N ¢
1— 1+«

(19)

P(c; # ¢jforall j <iley,...,cm1) = 1_213(02,:0‘01"”,@_1)

. ZC ni,C

—1 :
a+i1—1
_ 1—1
T a+4i—1
I
Ci—14a

(20)

So equation 19 is the probability that a new observation comes
from a existing category; equation 20 is the probability that a new
observation comes from a new category that has never been showed up

before.



Compare DPM model (16) and finite mixture models (18), as K —
oo, and let 0; = ¢.., with equation (17), we can see that

1. P(ci=cler,...,cio1) = 5= corresponds to
0il01, ..., 01 ~ by, with probability ——, j=1,...,1—1

2. P(ci #cjforall j <ilcy,...,¢i1) — 7={+ corresponds to
001, ...,0;-1 ~ Go, with probability — ——. Since distribution
(center measure) G is atomless, 0;|01,...,6;_1 ~ Gy means 0; is

different from 6q,...,60; 1

Therefore, DPM model (16) and finite mixture model (18) are equiv-
alent, if K — oo.

3.2 Gibbs Samplings for Dirichlet Process Mix-

ture
Recall the Dirichlet Process Mixtures (DPM) model:
G ~ DP(GQ, Oé)

X;l0; ~ F(6;)
and the finite mixture model, 0; = ¢,
p ~ Dirichlet(a/K, ..., a/K)
¢e ~ Go

¢i|p ~ Discrete (p1, . . ., PK)
IUz'|Cz', ¢~ F (chi)

and also the important conditional distribution for use in Gibbs sam-
pling, from equation (15) in Section 2:

0;10_;, Xi ~ Z%’,j% + 1 H;
J#i
19



where Hi = F(X;;0)a; qij = bF(X;;0,);1m = ba [ F(X;;0)da(0),
and b is a constant such that Z#i gij+ri=1

For Gibbs sampling to be feasible, computing integral [ F'(X;;0)da(0)
and sampling from distribution F(X;;6)a must be feasible. If Gy is
the conjugate prior for the likelihood given by F', it is feasible.

So first method to simulate simply follows equation (15):
Algorithm 3.1. Repeatedly sample as follows:

e Forv=1,...,n: draw a new value from
0il0—i, Xi ~ > 600, + il
By this algorithm, we have many realizations of (6y,...,6,) from

posterior distribution 6y, ...,6,|X1, ..., X,, and substitute them into
the general algorithm in Section 2 in this report, then we can get an

estimated density, i.e., E[[ FdG|Xy, ..., X,]

This Algorithm 3.1 is straightforward, but rather slow and ineffi-
cient. Because there are often groups of observation X; that with high
probability are associated with the same 6. But in every loop of this
Algorithm 3.1, we still simulate from 6; to 6, one by one. It we take
; shared by a group of observation as a block, then it would be more
efficient if we simulate 6 block by block in every loop of the algorithm.

To achieve it, we need to consider the indicator variables c

P (¢; = cle_i,xi, @) < P(xi|c_i,c; = ¢, @) X P(c; = clc_i, @)

F 1y Pe ’
o< F(wi, ¢c) e
= bF 1y Ve 7

(@i, @) 1ta

where n_; . is the number of ¢; for j # ¢ that are equal to ¢, and b is a
normalizing constant.

20



When K — oo,
if ¢ = ¢; for some j # i, P (¢; = c|c_, zi, @) = bnn_‘ﬁF (24, De);
and
P(ci # ¢; for all j # i|c_;, xi, @)
= P (c¢; # ¢ for all j # i|c_;, ;)
x P(xilc; # ¢; for all j #i,c_;) x P(c; # ¢; for all j # i|c_;)
x =2 [ F (2, 6) dGo(0)
- bn—?-ya f F (SCZ‘, ¢) dG0(¢)

Note that 0; = ¢.,, so the following algorithm simulates ¢, instead
of simulating 6; like in Algorithm 3.1

Algorithm 3.2. ¢ = (¢1,...,¢,) and ¢ = (¢ : c € {c1,...,cn})
Repeatedly sample as follows:

1. Fori=1,...,n:

o Ifn_;. =0, remove ¢, from ¢

e Draw a new value for ¢; from ¢|c_;, y;, ¢ as
P (¢; # ¢j for all j # i|c_;, xi, @) = e [ F (xi,¢) dGo(¢)

e If the new ¢; isn’t associated with any other observation,
draw a value for ¢., ~ H; = F(z;,0)Gy, and add it to ¢ and
)

2. For all ¢ € {cy,...,¢,} : draw a new value from
¢C‘{all z;s.t ¢ = C} ~ Hz s.t ci:cF(qui)GO

As was the case for Gibbs sampling Algorithm 3.1, Algorithm
3.2 is feasible if GG is the conjugate prior for the likelihood given by
F.

Sometimes we don’t care about ¢., but only care about ¢y, ...,c,.
For example, in clustering, cy, ..., c, can tell us partitions of observa-
tions. So we can integrate over ¢, and eliminate them.

21



If ¢ = ¢; for some j # i:

P(Ci = C\C—z’,ﬂ?i) X /P(Ci =, ¢c|C—z’,l’i)dﬂ

o /P(Ci = ¢|@e, c_i, i) P(de|c—i, zi)dp

where H_; . is the posterior distribution of ¢ based on the prior Gy and
all observations x; for which j # 7 and ¢; = ¢; in other words

H—i,c ~ ch‘{c—iayi} ~ H F(¢C1)G0

1 8.t c;=c
And as we just showed,
o o)
P (¢ # ¢j for all j # ic_;, x;) = bm/F(ﬂfi,¢) dGo(¢)

Algorithm 3.3. Repeatedly sample as follows:

e Fori=1,...,n: draw a new value from ¢;|c_;, z; as

— Ifc=c¢jforsomej #i: P(¢ =cle_j, ;) = b= [ F (2i,0) dH_; ()

n—1l4+«

— P (c; # ¢j for all j #ilcy, ;) = b=t [ F (x4, ¢) dGo(¢)

22



4 Hierarchical Dirichlet Processes (HDP)

4.1 HDP

Before showing the model of Hierarchical Dirichlet Process (HDP), I'd
like to describe it with some simple words to have some sense.

Dirichlet Processes mixture (DPM) works like: given a group, we
figure out clusters within this group and don’t know the number of
clusters in advance.

For HDP, imagine we have a large number of global elements, or say,
factors. There are several groups in these elements and each group has
multiple clusters. So groups may share some same factors with groups,
but with different proportions of clusters within different groups. In
the hierarchical DP, the value of the factors are shared between the

groups as well as within the groups. This is a key property of hierar-
chical DP.

Hierarchical DP:

Golv, H ~ DP(v,H)
G|, Go ~ DP (v, Go)
0i|G; ~ G
Xjil0ji ~ F(0;:)

(21)

Gy is a global random probability measure

H is base probability measure

v and «aq are concentration parameters

local random probability random measure G is one for each group
we often put vague gamma priors on v and «y

The baseline probability measure H provides the prior distribution
for all factors 0;

23



The global distribution Gy varies around the prior H. The actual
distribution G in the j-th group deviates from Gy, with the amount
of variability governed by «g. If we expect the variability in different
groups to be different, then we can use a separate precision parameter
«; for each group j

4.2 Stick-Breaking Construction

Hierarchical DP:
GOh/)H ~ DP<77 H)

G,lag, Go ~ DP (v, Gp)
05ilG; ~ G
XjilOji ~ F(6;:)
By Theorem 1.9(Stick-Breaking), we have

Go = Bidy,
k=1

(0. ¢]
Gi = mirdy,
k=1

where ¢y, “H and B = (Br)i, i GEM(v)

The above two representation equations indicate that value of fac-

tors are shared between groups, because each G; shares the same Dirac
measures 0z,
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Sticking-Breaking construction for HDP:

Bly ~ GEM(7)
|, B ~ DP (v, )
Zjil ) ~ (22)
dx|H ~ H
il 2jis (P)pey ~ F (925)

and jS = gbzﬂ

4.3 The Chinese Restaurant Franchise

Hierarchical DP:
GOh/)H ~ DP(’)/, H)
Gj‘Oé(), G() ~ DP(OZ(), GO)
05ilGj ~ G
Xjil0ji ~ F(0;:)

Go = Zkzl Bk(s@c
00 iid
Gj = > j_1 Tjrdg, and ¢ ~ H

Imagine there is a very long street with infinite many restaurants.
A new customer may enter a restaurant already having customers, or
may enter an empty restaurant. These restaurants share a global menu
of infinite many dishes on it. Each restaurant can have infinite many
tables. The dish on a table is ordered by the first customer sitting at
this table, and all people sitting at a table share the same dish. For
a new customer entering into a restaurant, he can choose to sit at a
table already with people, or to sit at an empty new table and order
a dish from the global menu. This is basically the Chinese Restaurant
Franchise.
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01, ..., Ok [ and ¢1,..., 0k, ... are global menu of dishes

¥j is the dish served at table ¢ in restaurant j

t;i is the index of 9;; associated with 60;;, i.e., ¥,
kjs is the index of ¢ associated with ¢y, i.e., ¢y,

number of customers: 7, njt., Nk
number of tables: mj, m;., m. m.

m;

N jt Qp
0::10:1,...,0;,_1, 0, Gy ~ — L Sy +——@G 23
jilfjn ii—15 00, Go ;i_lJranﬁri_lJr%o (23)
ok y
; R H ~ ) H
Vjelbr, Yo, o Yoty Vi1, ;m”ij ¢,€+m“+7
(24)

To obtain samples of 0;;: for each j, ¢, first sample 0;; using equa-
tion (23); if a new sample from G is needed, then use equation (24)
to obtain a new sample ¢ and set 0;; = ¥

For the inference and posterior sampling method in Chinese Restau-
rant Franchise, Section 5.1 of paper Hierarchical Dirichlet Processes
(Teh, 2006) has a well-written and detailed explanation.

5 autonomous multi-vehicle interaction sce-
narios

Utilizing the Dirichlet Processes Mixture (DPM) knowledge covered in
this report, a paper from Carnegie Mellon University talks about how
to cluster motion patterns of multi-vehicle and predict trajectories of
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multi-vehicles, without any restriction on the number of motion pat-
terns in the dataset.

Let me introduce their work briefly:

The dataset consists of trajectories of many vehicles on a road dur-
ing a time slot. Segment this time slot into many pieces with tiny time-
intervals. For example, a dataset has 1000 frames of time-sequence
data with discretization of 0.5 second. Denote a dataset of N frames

as S ={s;li=1,2,...,N}

Each frame is an observation. It contains location and velocity
of every vehicle in that frame. The number of vehicles in a frame is
unknown and uncertain. Thus a frame is actually a motion pattern,
modeled by Gaussian Process, which isn’t our focus in this report.

In the paper, the proposed multi-vehicle motion model is defined
as a mixture GG of infinite motion patterns

G = Z TGk (25)
k=1

where each mixture component g; is a motion pattern and is defined
by a Gaussian Process (GP). So for any frame, s; is generated by G.
Each of these N frames (observations) is assigned to one of the motion
patterns. An indicator variable z; is introduced where z; = k means
the frame s; is associated with the latent motion pattern gy.

To cluster, simulate, and predict motion patterns, the paper con-

structs a Dirichlet Processes Mixture (DPM) model, but doesn’t ex-
hibit the model explicitly in the paper. So let me write it out here. I
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use the limit of finite mixture model representation.

p ~ Dirichlet(a/K, ..., a/K)
gx ~ G
zi|p ~ Discrete (p1, ..., px)

Silziv g ~ gzi

(26)

where g is the collection of ¢g,, and K — oo

With materials of Section 3 in this report, the predictive distribu-
tion of g, conditioned on the other motion patterns g. . = {g., |21 € 2—:},
where z_; = {zk|lk = 1,2,- -+ np, k # i}, is

1
92192y Z—i ™ m (aG + Z A (ng)>

where « is the concentration parameter and A (g,,) is the point mass
at g.,. The following work again accords with what we talk about in
Section 3 of this report.

The performance on two realistic dataset is good in the paper. How-
ever, I think there is a problem embedded in the Dirichlet Processes
Mixture model constructed in the paper, i.e. equation 26

In equation 26, motion patterns g, G and
frames s;|2;, g i g.,- But in reality, I don’t think multi-vehicle frames
at consecutive time points are independent. So this is where we can
work on. A potential direction is to consider a Sticky HDP-HMM
model (Fox, 2011), involving hierarchical Dirichlet Process and hidden
Markov model.

28



6 Reference

Fundamentals of Nonparametric Bayesian Inference, by Subhashis Ghosal
& Aad van der Vaart

Markov Chain Sampling Methods for Dirichlet Process Mixture Mod-
els, by Radford M. Neal

Hierarchical Dirichlet Processes, by Yee Whye Teh, et al.

Infinite Mixtures of Gaussian Process Experts, by Carl Edward Ras-
mussen & Zoubin Ghahramani

Modeling Multi-Vehicle Interaction Scenarios Using Gaussian Random
Field, by Yaohui Guo, Ding Zhao, et al.

A Sticky HDP-HMM with Application to Speaker Diarization, by
Emily B. Fox, et al.

7 Appendix

Still working on it. Latex takes me too much time.
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